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Abstract. We construct reciprocal transformations for the constant astigmatism equation 
and generate some new solutions from the known seeds. One new surface of constant 
astigmatism is computed explicitly. 



1. Introduction 

Classical differential geometry of immersed surfaces is a rich source of systems 
integrable in the sense of soliton theory, see, e.g., [15, 16, 18] and references therein. 
A prototypical example is the sine-Gordon equation, which describes pseudospherical 
surfaces (i.e., surfaces of constant negative Gaussian curvature) under a properly chosen 
parameterization. Classical solution-generating techniques for this equation include the 
famous Backlund transformation as well as the Bianchi nonlinear superposition principle 
derived from the pcrmutability of Backlund transformations, see [13] for the historical 
account. It is perhaps less known that historical roots of this transformation lie in 
another class of surfaces, characterized by the constancy of the difference a — p between 
the principal radii of curvature a, p. A combination of Ribaucour's results [14] and the 
Halphen theorem [7] then says that their focal surfaces are pseudospherical, see [3, §129]. 
Despite this close connection, the literature concerning surfaces whose principal radii 
of curvature have a constant difference is negligible compared to the vast literature 
on pseudospherical surfaces. Actually the former have been abandoned and remained 
largely forgotten for almost a century. 

Recently these surfaces reemerged from the systematic search for integrable classes 
of Weingarten surfaces conducted by Baran and one of us [2]. Although nameless 
in the nineteenth century, in [2] they have been named the surfaces of constant 
astigmatism in connotation with the astigmatic interval [17] of the geometric optics. 
Under parameterization by the lines of curvature (also known as curvature coordinates), 
surfaces of constant astigmatism equal to 1 correspond to solutions of the constant 
astigmatism equation 




(1) 



A reciprocal transformation for the constant astigmatism equation 



2 



Other values of the constant astigmatism can be easily obtained by rescaling the 
Euclidean scalar product. 

The only ninctccnth-century works on constant astigmatism surfaces we know of 
are by Lipschitz [10], von Lilienthal [9], and Mannheim [11]. Lipschitz was apparently 
the first to find a large class of surfaces of constant astigmatism. Within the full class 
given in terms of elliptic integrals he also pointed out a subclass of surfaces of revolution, 
further investigated by von Lilienthal. It appears that the Lipshitz surfaces essentially 
exhaust all surfaces of constant astigmatism explicitly known in the nineteenth century. 
Of course, one can exploit the aforementioned geometric connection to generate surfaces 
of constant astigmatism from pscudospherical surfaces or solutions of the sine-Gordon 
equation, which are known in abundance, see [1, 6, 12] and references therein. However, 
this has never been done, according to our best knowledge, neither in terms of surfaces 
nor in terms of solutions of partial differential equations. Formulas for obtaining solutions 
of the constant astigmatism equation from solutions of the sine-Gordon equations and 
vice versa can be found in [2]. Yet the only exphcit instance of such a relationship we 
know of is that of the von Lilienthal surfaces to the Beltrami pseudosphere. 

In this paper we employ the aforementioned geometric connection with pseudo- 
spherical surfaces to establish an auto-transformation of the constant astigmatism 
equation (1). Our main result is a pair of reciprocal (sec [8] transformations each of 
which generates a three-parametric family of surfaces of constant astigmatism from 
a single seed. Compared to Backlund transformations, reciprocal transformations are 
easier to apply since taking integrals is easier than solving linear systems of differential 
equations. On the other hand, attempts to iterate the procedure are seriously hampered 
by the fact that results are given in parametric form. 

2. Point symmetries 

A routine computation, see [2], reveals three continuous symmetries of equation (1): the 
x-translation 



'^l{x,y,z) ^{x + a,y,z), a e R, 
the y-translation 

%l{x,y,z) = {x,y + b,z), beW, 
and the scaling 

&cix,y,z) = {x/c,cy,c^z), ceM\{0}. 
The known discrete symmetries are the 3 
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the ,T-rcvcrsal ^}i^{x,y,z) — {—x,y,z), and the y-reversal ^}i^{x,y,z) — {x,—y,z). 
Obviously, 

a o a = Id, 
GcoJ = Jo 6i/c, 

Translations and reversals are mere reparameterizations. The scaling symmetry 
corresponds to an offsetting, i.e., takes a surface to a parallel surface. The involution 
interchanges x and y (swaps the orientation) and makes a unit offsetting. 

It is easy to compute (see, e.g., [5]) the four first-order conservation laws of 
equation (1). The associated four potentials X-iV)^-,^ satisfy 





^Zy + y, 




Zx 




Xx 


Xy — 
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= -yzy + z-y'^, 
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^x 


= xyZy — XZ+ I xy"^, 


6y = 


Zx .y 

xy^ + - 
z z 


1 2 

--^xy 



Compatibility of these equations is equivalent to (1). 

The involution Of acts on the potentials as follows: r] ^ ^, while % — % and 



3. Obtaining the reciprocal transformation 

Let z{x,y) be a solution of the constant astigmatism equation (1). The corresponding 
surface of constant astigmatism is determined by its first and second fundamental form 

I = it^ dx^ + dy^ , 

2 2 

II = — dx^ H dy^ , 

P cr 

where x,y are properly chosen curvature coordinates and, according to [2], 

^2 (In ^ — 2) In 2; In 2; — 2 In 2; 

^= 2 ' ^^2^' ' "^^^ 

Note that a and p are the principal radii of curvature of the surface. Obviously, a—p= 1. 

Let us construct the evolute of the surface. By definition, the evolute has two 
sheets formed by the loci of the principal centers of curvature. Recall that the evolute 
of a surface of constant astigmatism is a pseudospherical surface. 
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Let r{x,y) be the surface of constant astigmatism corresponding to the solution 
z{x,y), let n{x,y) denote the unit normal vector. Then r, n satisfy the Gauss- 
Weingarten system, which takes the form 

(lnz)zx (In 2; - 2)zzy 1 . . 

2{\nz-2)z 2\nz ^ 2 ^ ' ' 

(In z)zy (In z — 2)zZx 

" 2(lnz-2)/" 21nz 



{\n.z)zx {ha.z — 2)zy In 2; 

2{\nz-2)z'^^'' 2z\nz ^ 



2 

Hi/ I'^j 



ln^-2 ^ In^ 

Note that ei = Vx/u, 62 = rj,/v, and n = ei x 62 constitute an orthonormal frame. 
We choose one of the two evolutes, given by 

r = r + crn, n = — . 

V 

The first and second fundamental form of the evolute can be written as 

n = l-zhydx^ - ^dy^ 
^ 2z2 

Next we construct the involute to this pseudospherical surface in order to obtain a 
new surface of constant astigmatism together with a new solution of the equation (1). 
Following [3, §136] or [19], we let X and Y be parabolic geodesic coordinates on the 
pseudospherical surface. By definition of the parabolic geodesic coordinates, the first 
fundamental form should be 

i-dx^ + e^^dy^ 

Comparing the coefficients, we obtain 

2 2 



Xi + e'^Y^ = z-r^. 2X,X, + 2e^" l^i; = ^ , X^^ + e^^i; 
Solving the last two equations for Y^jYy, we have 



_ ^^^y ^xXy _ Vzy Az Xy 

^"2.e^V4-4.X'' 2.e^ ' 

which converts the remaining equation into 
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r) 2 2 2 r) 3 2 



^yy - -^y ^y + (^) 



Now the system consisting of equations (3), (4) and (5) is compatible by virtue of 
equation (1). 

The general solution of the subsystem (4) and (5) is easily found to be 

X = lnf '- + '-'^ + ' Uc.. (6) 



apart from the obvious "singular" solution 

X=llnz + C2. (7) 

The other unknown Y is not needed in what follows. 
The involute we look for is given by 



f = f + (a-X)fx 



= r+ lnz2 +^ '-^]n^2{a-X)-^ Hv^, , 

where a is an arbitrary constant. The unit normal vector to the involute is 



(8) 



. . 2zXy 2Vzl-4:Z^Xl 
n = rx = f 



-2 

'y_ 

Zy zhy{lnz-2) 



The singular solution (7) leads to f = r + (a — C2)n, i.e., we recover the constant 
astigmatism surface we started with along with all its parallel surfaces. We are left with 
the solution (6), which can be interpreted as a result of the ^-translation applied to 
a particular solution 

Xq = Inl J — 1 +C2. 

Since T^^ is a reparameterization, we continue with Xq in the sequel. 
If substituted into formula (8), Xq yields the family of involutes 



x'zlnz (x z — l) (ln(x z + l) + a) 
x'^z + 1 x'^z + 1 



2a-2]n{x'^z + l)+lnz 
+ {xh + l){2-\nz) ""^ 



(9) 



where C2 has been absorbed into a. The corresponding unit normal is 

x'^z — 1 Ax 
" + x^^"" {x'z + 1) (2 - In z) ■ 
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A routine computation shows that fo has a constant astigmatism, and so has f , which 
differs from fg only by the reparameterization X^^- The parameter a corresponds to 
offsetting, i.e., taking a parallel surface. 

However, one more step is required in order to find the corresponding solution of 
the equation (1). Namely, we have to find the curvature coordinates x' and y' on the 
involute, i.e., coordinates such that I, II are diagonal. If we set 

T^' £i^2 

_ 2 2, 

4 = -2 ' (10) 

y' = C3-e---^, 
1 + X z 

it is easy to verify that equations (10) are compatible and both I, II are diagonal in 
terms of coordinates x' and y' . 

4. Properties of the reciprocal transformation and its dual 

The computations made in the previous section lead us to the following proposition. 

Proposition 1. Let z{x^ y) be a solution of the constant astigmatism equation (1), x, C 
the corresponding potentials (2), and 

an ai2 

a real or purely imaginary matrix such that detA — ±1. Let XA{x,y,z) = {x'^, y'^, z'y!^) 
and ^A{x,y,z) = {x%y%z'^), where 

/ _ (oil + 0123:^) (021 + a22x)z + 0120.22 

X A 



(oii + 0122;) z + 



12 



v'a = ^12^ + OiiOisX - aiiy{au + ai2x), 



((an + ai2x)'^z + af^Y 



and 



= «i2^ - «ii«i2X - aux{an + 012?/), 

// _ (an + 0-12?/) (q21 + Q22y) + 012^22^ 
(an + ai2yf + 0^2^ 

- ^ 

^ ~ U„ I „ „.\2 I „2 „\2 



((an + ai2y) +012^)' 
Then z'ji^{x\^y'^ and z'j^{x'^, y'^) are solutions of the constant astigmatism equation (1) 
as well. 

Proof. The proof consists in a routine computation, which we omit. □ 



A reciprocal transformation for the constant astigmatism equation 7 

Nevertheless, let us explain the origin of the formulas. With the shift T^^ 
reintroduced and parameters renamed, formulas for x" and y" are (10) in terms of the 
potentials introduced in Sect. 2; z" is obtained as a solution of the equation a = ^\nz", 
where a is one of the principal radii of curvature of the involute f . Formulas for x', y', z' 
follow from these with the help of the involution 3. 

Observe that and x'^ are only determined up to an additive constant. It would 
be more appropriate to write Xa{x, y, z) = ^\{x' , y', z') with arbitrary b and analogously 
for 2)a. 

The transformations become rather trivial when ai2 = 0. 
Proposition 2. In the case when ai2 — the transformations reduce to symmetries 

^ _f^:Wan°®-< ifdetA = -l, 

" I 2::../an ° ° ifdetA = +l, 

ifdetA = -l, 
1^ , o^^o6_w„2 ifdetA = +l. 

0,21/0,11 -'■/"ll 

The translations themselves and correspond to the choice 



2). 



transl 



i 
ai i 



It follows immediately from the following proposition that transformations SCa form 
a three-parameter group, and similarly for the transformations 2)^. 

Proposition 3. We have 

Xb o = Xba-, 2;)b o 2)^ = 

for any two real or purely imaginary 2x2 matrices A, B such that |det74| = |detS| = 1. 
Let us look for a convenient generator of the whole group. Consider the matrix 



1 

1 a 



a e 



Iterating A", n G N, one easily sees that it generates the full three-parameter group. 
The corresponding transformations are 

^, . /'{ax + l)xz + a {x'^z + iy\ 
\ x z z / 

2)6(x, y, z) = (% + 1)?/ + ^^ ^ . 2^ ^2 ) 
V y +z {y +z) J 

Let X and 2) correspond to the choice of a = 0, i.e.. 
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Corollary 1. 3eo3e = Id, 2)o2) = Id. 

Because of this property, X and 2) are called reciprocal transformations. The explicit 
formulas are 

, xz , , {x^z + 

— -r, y =ri, z= , 

X z z 



Remark 1. Obviously, the transformation 2) admits a restriction to the variables y, z, 
and then becomes equivalent to a circle inversion in the (y, 2;^/^)-subspacc. Similarly, j£ 
admits a restriction to the variables z and becomes equivalent to a circle inversion 
in the (x, 2;~^/^)-subspace. This is not surprising considering the fact that X, 2) take 
their origin in a transformation of parabolic geodesic coordinates on a pseudospherical 
surface, which is a model of Lobachevsky geometry, and that the circle inversion provides 
a transformation of the Beltrami-Poincare model of Lobachevsky geometry 

The following identities hold: 
Slightly abusing the notation, we have also 

There is no similar identity for X o and S2) o T^; instead they generate the three- 
parameter group considered above. 

Nevertheless, we had to leave open the question of whether Xa and 2) b commute. 

5. Examples 

Example 1. Let us apply the transformations X and 2) to the von Lilienthal solution 

^ = -y' + Z , 

where Z > 0. 

Then X{x, y, z) — {x', y', z'), where 

. _ x{-y' + /) ,_ {x\-y' + l) + ir 

^ + + ' -y' + l 

y' = -y^arctanh^-^^ — x^y + ci 
and fQ{x,y,z) = {x" ,y" , z"), where 



x"^lx + C2, y" = -j, z" - 2 ' 



y // _ -y"^ + 1 
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Cj being the integration constants. Wc see that z" = —y"'^ + l/Hs another von Lihenthal 
solution. Nevertheless, z'{x', y') is a substantially new solution of the equation (1), which, 
however, is not possible to express explicitly using elementary functions. An implicit 
formula for this solution is 



1 , //z'-x'V'-2x'V 

arctanh 



x'^z'i^/lz' -x'^z'''-2x'''z' ^ 

{x'\' + 1)^ + • 

The general von-Lihenthal solution z — —y^ + ky + I is related to z — —y^ + 1 hy a y- 
translation. To obtain its ^-transformation one can employ the identity XoT^ = T^oX, 
while its 2)-transformation is a von Lilienthal surface again. 

Example 2. Continuing the previous example, where we put I — e^^ for simplicity, 
we provide a picture of the surface of constant astigmatism generated from the von 
Lihenthal seed. The von Lilienthal surfaces are obtained by revolving the involutes of 
tractrix around the asymptote of the latter, see [2] for pictures. We can write 

n = I e-^ Ve^' - y^ [2 - Hc^' - y^)] cos e'x, 
r2 = I e-We'^'^-y^ [2 - Inie^'' - y^)] sine^x, 
ra = i {e-'y + 1) ln(e^^ - y') - ln(e^ - y) - e'^y, 

and 



111 = e ''a/c^^ - cosc^'x. 



n2 = e — y^ sine^'x, 

ns = -Q~^y- 

Prom (9) we obtain a formula for f. For brevity we present it with the offsetting 
parameter a set to zero: 

fi = 7(6,a;,|/){2e''sin(e'',x) - [^^(c^^ - y"^) - 1] cos(c''a;)}, 
f 2 = -7(6, X, y){2e^ cos{e^x) + [x^{e^^ - y^) - 1] sin(e^x)}, 

„2/ 2b „,2 



fa = '^2;!2. \\ l yHx'ie^' - y') + 1] 



X e 



e'' + y x^{c^-y)^ + l 2b 2a , / 6 a 2/ 
^•xV^^THl^^"^' -|/)-ln(e -1/)-^ 



where 



lib, X, y) = C i T{2 HAe'' - v') + l] - ln(e^^ - y') + l}. 

2e (e — y ) + 1\ 
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Obviously, f is real only if — e'' < y < e**. It is easy to check that f develops a singularity 
(cuspidal edge) if either 

x"^ — 5{a,b,y) or x'^ — 6{a + l,b,y), 

where 

d{a,b,y) = 26 2 ■ 

e-y 

A regular part of the surface f for x > y/ 8{a + 1, 6, y) is shown on Figure 2. 




Figure 1. A transformed von Lilienthal surface. 



Example 3. Consider the scahng invariant solution 

1 yi—xy+ \J x^y^ — 4 ) 



Observe that the involution 3 acts on (11) by changing the sign of the square root. 
Apparently, no regular surface corresponds to this solution, since no regular surface can 
be invariant with respect to the offsetting. To apply the transformation X^, we first 
obtain the potentials 

X = \/xV-^ + arctanf , ^ ) + ci , 

V \/x'y' -AJ 

77 = I x\Jx^y^ -4 - I x^y + C2 , 



(11) 
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and then the solution 

an a22 + 1^ 



(ai2 X + On) fa22 x + ) (-xy + a/ - 4)i/ + 20120222; 

^. v ai2 ^ ^ 

(ai2X + aii)^(-xy + Va^V - 4)?/ + 20^2 



2 



y' = + aiiai2 \^-xy + V x^i/^ - 4 + arctan ^ ^ = ) + Ci 

+ <^i2^- \ ^'^y + \ ^^y^ - 4 + C2) , 

, (—XT/ + \/ x^i/^ — 4)(— ai2a;^|/ — 4aiiai2a;|/ — 2aiii/ + 0122^ \/ x^y'^ — 4)^ 

2; = . 

%xy 

In particular, it turns out that the solution (11) is also invariant under X and 2). 
Acknowledgments 

The second-named author was supported by GACR under project P201/11/0356. 
References 

[1] T. Aktosun, F. Demontis and C. van der Mee, Exact solutions to the sine-Gordon equation, J. 

Math. Phys. 51 (2010) 123521. 
[2] H. Baran and M. Marvan, On integrability of Weingarten surfaces: a forgotten class, J. Phys. A: 

Math. Theor. 42 (2009) 404007. 
[3] L. Bianchi, Lezioni di Geometria Differenziale, Vol. I (E. Spoerri, Pisa, 1903). 
[4] L. Bianchi, Lezioni di Geometria Differenziale, Vol. II (E. Spoerri, Pisa, 1902). 
[5] A.V. Bocharov, V.N. Chetverikov, S.V. Duzhin, N.G. Khor'kova, IS. Krasil'shchik, A.V. Samokhin, 

Yu.N. Torkhov, A.M. Verbovetsky and A.M. Vinogradov, Symmetries and Conservation Laws for 

Differential Equations of Mathematical Physics, Transl. Math. Monographs 182 (Amer. Math. 

Soc, Providence. 1999). 

[6] B. Dubrovin and S. Natanzon, Real two-zone solutions of the sine-Gordon equation, Funct. Anal. 

Appl. 16 (1982) 21-33; transl. from Fkinkts. Anal. Prilozh. 16 (1982) 27-43. 
[7] G. Halphen, Theor'cmc concernant Ics surfaces dont les rayons de courbure principaux sont lies 

par une relation, Bull. S.M.F. 4 (1876) 94-96. 
[8] J.G. Kingston and C. Rogers, Reciprocal Backlund transformations of conservation laws, Phys. 

Lett. A 92 (1982) 261-264. 
[9] R. von Lilicnthal. Bcmc^kung iiber diejenigen Flachcn bci dcncn die Differenz der Haupt- 
kriimmungsradien constant ist. Acta Mathematica 11 (1887) 391-394. 
[10] R. Lipschitz, Zur Theorie der krummen Oberflachen, Acta Math. 10 (1887) 131-136. 
[11] A. Mannheim, Sur Ics surfaces dont les rayons de courbure principaux sont fonctions I'un de I'autre, 

Bull. S. M. F. 5 (1877) 163-166. 
[12] A. Ovchinnikov, Gallery of pseudospherical surfaces, in: D. Wojcik and J. Cieslihski, Nonlinearity 
& Geometry, Luigi Bianchi Days, Proc. 1st Non-Orthodox School, Warsaw, September 21-28, 
1995 (Polish Scientific, Warsaw, 1998) 41-60. 
[13] R. Prus and A. Sym, Rectilinear congruences and Backlund transformations: roots of the soliton 
theory, in: D. Wojcik and J. Cieslinski, eds., Nonlinearity & Geometry, Luigi Bianchi Days, 
Proc. 1st Non-Orthodox School, Warsaw, September 21-28, 1995 (Polish Scientific, Warsaw, 
1998) 25-36. 

[14] A. Ribaucour, Note sur les developpees des surfaces, C. R. Acad. Sci. Paris 74 (1872) 1399-1403. 



A reciprocal transformation for the constant astigmatism equation 12 

[15] C. Rogers and W.K. Schief, Bdcklund and Darboux Transformations. Geometry and Modern 
Applications in Soliton Theory (Cambridge Univ. Press, Cambridge, 2002). 

[16] W.K. Schief and B.G. Konopel'chenko, On the unification of classical and novel integrable surfaces, 
I. Differential geometry, Proc. Royal Soc. A 459 (2003) 67-84. 

[17] C. Sturm, Memoire sur la theorie de la vision, C.R. Acad. Sci. Paris 20 (1845) 554-560, 761-767, 
1238-1257. 

[18] A. Sym, Soliton surfaces and their applications. Soliton geometry from spectral problems, in: R. 

Martini, ed., Geometric Aspects of the Einstein Equations and Integrable Systems, Lecture Notes 

in Physics 239 (Springer, Berlin, 1985) 154 231. 
[19] C.E. Weatherburn, Differential Geometry of Three Dimensions (Cambridge University Press, 

Cambridge, 1927). 



